Utilizing a material in thermoelectric applications requires a mechanical, thermal, and lattice stability as well a high figure of merit (ZT). In this work, we present the structural, electronic, 
Introduction
The demand is increasing to find new energy resources that are renewable, sustainable, and environmentally friendly. One of the solutions is by using thermoelectric materials that could convert waste heat into electricity and vice versa. The efficiency is measured using the figure of merit ( = 2 /( + )), where S, σ, T, and are the Seebeck coefficient, electrical conductivity, absolute temperature, electronic and lattice thermal conductivities, respectively. Among the variety of thermoelectric materials, Heusler alloys showed novel properties such as full one electron spin polarization current, [1] low lattice thermal conductivity, [2] and high Seebeck coefficient. [3] Recent studies showed that Heusler compounds exhibit high ZT values as compared to the current state-ofthe-art thermoelectric materials. [4, 5] Hence, Heusler alloys become interesting materials for wide technology fields such as thermoelectric coupling and spintronic devices. [4, 6, 7] Full Heusler alloys consist of four interpenetrating face centered cubic sublattices with the chemical formula X2YZ where X and Y are transition or rare-earth atoms and Z atom is the main group element. When X atom is replaced by another transition metal atom X0 then the resultant is quaternary Heusler alloy with a chemical formula XX0YZ.
Cobalt-based quaternary Heusler alloys are very interesting materials for spintronic and thermoelectric applications. Vajiheh et al. synthesized CoFeMnZ (Z = Al, Ga, Si, Ge) compounds, which exhibit high Curie temperatures above 550 K and ab initio electronic structure calculations predicted these compounds as half-metallic ferromagnets where one spin channel is metallic, while the other spin channel exhibits a semiconducting behavior. [8] Ab initio electronic structure calculations showed that CoCrFeGe is dynamically stable because all phonon modes show positive frequencies. [9] Enamullah et al. investigated the effect of defects and change of pressure on the electronic and magnetic properties of CoFeCrGe and CoMnCrAl, where CoFeCrGe alloy retained its half-metallicity for a limited range of pressure. [10] A theoretical and experimental study by Enamullah et al. shows that CoFeCrGe alloy crystallizes in a Y-type structure and exhibits a half-metallic ferromagnetic behavior with high Curie temperature (866 K). [11] Density functional theory predicted that XX0YZ (X = Co, Ni, X0 = Fe; Y = Ti; Z = Si, Ge, As) quaternary Heusler alloys are halfmetallic. [12] In addition, Zhang et al. investigated the effect of the lattice distortion on the halfmetallicity of CoFeTiZ (Z = Ge, Si, Sn) where CoFeTiGe retained its half-metallic behavior for a large change in lattice constant. [13] Low lattice thermal conductivity and good Seebeck coefficient is predicted for CoFeCrZ (Z = Si, As, Sb) by Bhat et al.. [14] Density functional theory calculations predicted that CoFeCrAs has a Seebeck coefficient and a power factor (S 2 σ) of -40 μV/K and 18×10 14 μWcm -1 K -2 s -1 , respectively, at room temperature. [15] We systematically calculated the structural, elastic, electronic, magnetic, thermodynamic, lattice dynamic, and thermoelectric properties of CoFeYGe (Y = Ti, Cr) quaternary Heusler compounds by employing first principles calculations. These compounds are found to exhibit good spintronic and thermoelectric properties. Such properties are promising for applications in spin injection using the spin polarized thermoelectric current. The method of calculations is presented in section 2, results and discussions are presented in section 3, and the conclusion is given in section 4.
The choice of a heavy metalloid atom is expected to reduce the phonon lattice thermal conductivity, while retaining the low value of electrical resistivity and large value of Seebeck coefficient. [16] 
Method of calculations
The structural, electronic and magnetic properties of CoFeYGe (Y = Ti, Cr) are investigated using DFT calculations as implemented in VASP code [17] and the projector-augmented wave method. [18] The exchange-correlation potential was treated using the generalized-gradient approximation of Perdew-Burke-Ernzerhof (GGA-PBE). [19] Full relaxation of cell volume, shape and atomic positions are performed. To ensure high accuracy results, the system energy and force convergence criteria are set to be 1×10 -7 eV and 1×10 -6 eV Å -1 , respectively. The plane-wave cut-off energy was set to 500 eV and Γ-centered k-point mesh of 24×24×24 was used in the Brillouin zone integrations. Phonon properties and second-order harmonic interatomic force constants are calculated using Phonopy package with 4×4×4 supercell. [20] The thirdorder.py module of the ShengBTE package [21] was used to calculate third-order harmonic interatomic force constants where a 4×4×4 supercell with seventh nearest neighbor interactions were taken into account. The lattice thermal conductivity was calculated using Boltzmann transport theory for phonons as implemented in the ShengBTE with a dense q mesh 28×28×28, which is the converged value. Further increase of the q mesh lead to insignificant effect of the value of the thermal conductivity (less than 3% by doubling the q mesh). The thermoelectric properties of the alloys are computed using Boltzmann transport theory as implemented in the BoltzTrap program.
[22]
Results and discussions
The structural, electronic, magnetic, thermodynamic, dynamic, and thermoelectric properties of CoFeYGe (Y = Ti, Cr) are presented in the following subsections.
Structural properties
Quaternary Heusler compounds crystallize in the LiMgPdSn structure with three possible types of nondegenerate atomic configurations named as Y-type structures, [23] see Table 1 . The Ytype-I structure with a space group F43m (#216) is found to be the most stable geometrical configuration of CoFeYGe (Y = Ti, Cr) compounds. The calculated lattice parameters are found to be in good agreement with previous theoretical [10, 13] and experimental [11] results as shown in Table   2 . Investigating the mechanical properties of a material is crucial before adopting it in technological applications. Therefore, the mechanical stability is checked for these compounds using the Born-Haung criteria. [24] There are three independent elastic constants for the cubic structure, namely, C11, C12, and C44. The conditions of mechanical stability are as follows:
The elastic constants are calculated using the stress-strain relationship. [25] It is clear from Table 2 that the elastic constants satisfy the stability conditions, which confirm that both compounds CoFeYGe (Y = Ti, Cr) are mechanically stable in Y-type-I structure. The elastic constants used to evaluate the elastic moduli such as bulk modulus B, and shear modulus G are calculated using the following relations [26, 27] = ( 
Where GR and GV are Reuss's and Voigt's shear moduli, respectively. Voigt-Reuss-Hill approximation is used to estimate the arithmetic average of the shear modulus using the following equation [28] = ( + )/2
In addition, Young's modulus E, Poisson's ratio ν, and anisotropy factor A are calculated as follows:
The calculated bulk moduli, Young's moduli, isotropic shear moduli, Poisson's ratios, anisotropy factor, and Pugh's B/G ratio are given in Table 2 . The bulk modulus B measures the resistance of a material to compression, whereas Young's modulus E provides information about its stiffness where the higher value corresponds to a stiffer material. The calculated bulk modulus of CoFeCrGe compound (212.64 GPa) is found to be in agreement with the calculated value (215.17 GPa) by
Enamullah et al.. [10] The results show that B and E values of CoFeCrGe are higher than those of CoFeTiGe. However, the shear modulus of CoFeTiGe is found to be higher than that of CoFeCrGe.
This indicates that the lateral deformation due to the applied shear force is higher in the case of CoFeTiGe than that of CoFeCrGe. The ratio of the transverse contraction to the longitudinal extension in the direction of elastic loading is defined as Poisson's ratio (ν), where the lower limit of ν for most metals is about 0.25. [29] The calculated ν values of CoFeTiGe and CoFeCrGe are 0.337 and 0.336, respectively, which are comparable to those of CoRuFeGe ( 0.336) and CoRuFeSn ( 0.365) quaternary Heusler alloys. [30] The values of the anisotropy factor A of CoFeYGe (Y= Ti, Cr)
compounds is found to deviate from unity, which indicates an anisotropic elastic behavior. Based on the Pugh's criteria, the value of B/G provides information about ductile (brittle) nature of materials. [31] For B/G higher (lower) than 1.75, the material behaves in a ductile (brittle) manner. The B/G ratios of CoFeYGe (Y = Ti, Cr) are found to be higher than 1.75, see Table 2 , which reveals the ductile behavior of these compounds. The melting temperature of the compounds is calculated using the following empirical relation [32] = 607 + 9.3 × ± 555
From the above equation, the melting temperature of CoFeCrGe is higher than CoFeTiGe due to the higher bulk modulus of the former than the latter compound. Ref. [11] Exp.; b)
Ref. [10] Theo.; c)
Ref. [10] Theo.;
Ref. [13] Theo. 
Electronic and magnetic properties
The spin-resolved band structure of CoFeYGe (Y = Ti, Cr) alloys are presented in Figure 1 .
The results show that CoFeYGe (Y = Ti, Cr) alloys are half-metallic, where the majority and minority spin channels possess metallic and semiconducting behaviors, respectively. Therefore, the two compounds show a 100% spin polarization, which makes them promising candidates for spintronic applications. [33] Both CoFeCrGe and CoFeTiGe compounds exhibit indirect band gaps along Γ-X high symmetry line of 0.412 and 0.383 eV, in agreement with previous calculations of 0.481 and 0.424 eV, respectively. [11, 13] The minority valence band is close to the Fermi energy at Γ high symmetry point for both compounds. The presence of flat energy levels in the conduction bands along Γ-X and highly dispersive bands along other directions could be a signature of high thermoelectric power factor.
[34] CoFeCrGe and CoFeTiGe are magnetic materials with total magnetic moments of 3.0 μB and 1.0 μB, respectively. The integer values of the total magnetic moments obey Slater-Pauling rule for half metallic magnetic materials as follows [35] = ( − 24)
Where Mtot and Ztot are the total magnetic moment and the number of total valence electrons, Ref. [11] Theo.;
Ref. [13] Theo. and Exp.
Thermodynamic properties
Utilizing CoFeYGe (Y= Ti, Cr) quaternary Heusler compounds as thermoelectric materials requires an understanding of their thermodynamic properties. The quasi-harmonic approximation (QHA) works well for the temperatures below the melting point. [20] Therefore, the QHA is used as implemented in Phonopy-QHA package [20] to investigate the effect of temperature on various thermodynamic parameters, such as the thermal expansion coefficient and the variation of volume and bulk modulus with temperature. [20] These parameters are calculated in the temperature range from 0 to 1200 K at a constant pressure of 0 GPa. Figure 2a shows the normalized volume V/V0 as a function of temperature up to 1200 K, where V is the volume of the 4×4×4 supercell at temperature T and V0 is its volume at 0 K. This figure shows that the volume of the unit cell is increasing linearly as a function of temperature beyond 50 K for both compounds. The bulk modulus is also investigated to examine the effect of temperature on the hardness of the compounds, see Figure 2b . At low temperature, the variation of the bulk modulus is negligible due to the insignificant change of the volume in this region. As the temperature increases, the bulk modulus of CoFeCrGe compound exhibits a higher negative slope than CoFeTiGe alloy.
Another important thermal parameter is the thermal expansion coefficient α as depicted in Figure 2c . 
Lattice dynamics
The heat capacity Cv is an essential thermal property of a material, which is calculated using the phonon density of states. Figure S1 in the Supporting Information depicts the variation of heat capacity with temperature. At low temperatures, the variation of Cv is proportional to T 3 . However, at higher temperatures, Cv converges to the classical limit of Dulong and Petit that assumes a constant specific heat for solids. At 300K, CoFeCrGe alloy exhibits a slightly higher Cv value (92.19 J mole The lattice thermal conductivity (κL) is an essential quantity that plays a vital role in designing devices such as thermoelectric generators. It can be calculated using the following equation for CoFeCrGe and CoFeTiGe, respectively. This can be ascribed to the increase in the scattering rate of excited phonons that leads to a reduction in the mean free path. The κL values of CoFeTiGe are found to be slightly higher than those of CoFeCrGe due to the lighter atomic mass of Ti than that of
Cr. The absence of the gap between the highest acoustic modes and the lowest optical modes in Figure   3a ,d could be the reason for the low κL. [40, 41] Such gaps, if existing, are related to the difference in the atomic mass of the constituent elements in the compound. [42] This difference in the atomic masses means a lower probability of the three-phonon scattering, which leads to longer relaxation times that corresponds to a larger thermal conductivity. [43] Investigating the contribution of the different phonon modes to the overall lattice thermal conductivity provides an insight for the design of the thermoelectric materials. In most cases, the optical modes have a negligible contribution to the thermal conductivity as compared to the acoustic modes due to its low group velocity. In contrast, CoFeYGe (Y = Ti, Cr) compounds show unconventional results where the contribution of the optical modes is 60.2% and 70.9 % at 1100K for
CoFeCrGe and CoFeTiGe, respectively as shown in Figure S2 in the Supporting Information. This is not surprising, because the group velocity of the optical branches is significant due to the non-flat optical phonon branches as shown in Figure 3a ,d. This is consistent with previous studies of several materials . [44] [45] [46] As the optical modes are dominated by the contribution of Cr (Ti) atoms, vacancies at these sites could lead to a significant reduction in the thermal conductivity and an increase in ZT values.
To investigate the effect of the grain size on the thermal conductivity, we plot the normalized accumulated thermal conductivity as a function of the mean free path (MFP) for different temperatures, see Figure 4b ,c. From these figures, one can see that the size effect significantly influences the thermal conductivity. As the temperature increases, the mean free path of the phonons decreases, which leads to a stronger anharmonic phonon scattering. 
Thermoelectric properties
Boltzmann's transport theory is employed to investigate the electronic transport properties of CoFeYGe (Y = Ti, Cr) using the constant relaxation time approximation as implemented in BoltzTraP code. [22] Based on this approximation, the transport coefficient tensors, electrical conductivity (σ), electronic thermal conductivity (ke), and Seebeck coefficient (S) are given as [47, 48] (
where α and β are tensor indices, μ, Ω, ε, e, and f are the chemical potential, volume of unit cell, band energy, Fermi level of carriers, electron charge, and the carrier Fermi-Dirac distribution function, respectively. In this work, the relaxation time τ is assumed to be 10 -14 s, which is a typical value for semiconductors. [49, 50] The rigid band approximation is used to evaluate the thermoelectric properties For half-metallic materials, total Seebeck coefficient (a measure of the ability of a material to produce voltage due to a temperature difference) can be evaluated by using the two-current model as follows [52] = ( ↑ ↑ + ↓ ↓ )⁄
where ↑ ( ↓ ) and ↑ ( ↓ ) are the Seebeck coefficients and electrical conductivities for the spin-up (spin-down) channel, respectively. The = ( ↑ + ↓ ) represents the total electrical conductivity. exhibits high Seebeck coefficient, however, the total value is lower than that of the spin-down channel. To understand the behavior of the total Seebeck coefficient, the total and spin electrical conductivity are depicted in Figure S4 in the Supporting Information. While ↑ exhibits high values, ↓ shows negligible contribution in the region around the μ-Ef = 0 eV. There are two peaks of ZT for each compound one for n-type and the other for p-type. The n-type of CoFeCrGe compound exhibits a maximum ZT of 0.71 at 1100 K, while the p-type has a peak at 0.46.
In the case of CoFeTiGe compound, the two peaks of ZT at 1100 K have close values of 0.65 and 0.61 as p-type and n-type, respectively. Therefore, this material can work as a p-type or n-type with the same thermoelectric efficiency. It is worth mentioning that ZT value of CoFeTiGe is negligible at μ-Ef = 0 eV, unlike CoFeCrGe that has ZT of 0.28 at μ-Ef = 0 eV. This means that the latter compound has good thermoelectric properties even without doping. For both compounds, the chemical potential that corresponds to the peak value of ZT is shifted by varying the temperature. Therefore, it is important to choose the optimal carrier concentration for a specific temperature to achieve the highest ZT value.
The thermoelectric efficiency of a material can be enhanced by nanoengineering technology. [53] [54] [55] It was possible to synthesized CoFeCrGe with a grain size of 5 nm by Jin et al.. [56] At MFP of 5 nm, the lattice thermal conductivity decreases to 1.88 Wm -1 K -1 at room temperature ( Figure S5 in the Supporting Information), which corresponds to an increase in the ZT from its bulk value of 0.14 to 0.4, which means a higher TE efficiency. 
Conclusion
The electronic, magnetic, and thermoelectric properties of CoFeYGe (Y = Ti, Cr) quaternary
Heusler compounds are investigated using DFT calculations and the semiclassical transport theory.
The results indicate a half-metallic behavior of CoFeCrGe and CoFeTiGe quaternary Heusler compounds with band gaps of 0.412 and 0.383 eV, respectively, in the minority spin channels. The compounds were found to be magnetic with total magnetic moments are 3.00μB and 1.00μB for CoFeCrGe and CoFeTiGe, respectively. The calculated values of the lattice thermal conductivity are 11.01(3.01) and 12.26 (3.47) Wm -1 K -1 for CoFeCrGe and CoTiFeGe, respectively at 300 K (1100 K).
The lattice thermal conductivity is found to be dominated by the optical rather than the acoustic phonon modes. The compounds show promising thermoelectric properties at 1100 K with appreciable ZT values of 0.71 and 0.65 for the n-type and the p-type of CoFeCrGe and CoFeTiGe, respectively.
The interesting magnetic half metallicity as well as the good thermoelectric properties suggest these compounds as good candidates for applications using spin polarized thermoelectric current.
